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AbstIijCt. Let pk(P) denote the number of kgonal faces of the 3-polytope P. Nwessar~ and suf- 
ficien conditions are fcund for ;i vector (p3, p4, . . . . pin) to have the following property: There 
exists a 4-vafent 3-polytope P with pi(P) = pi for all i + 01, which has a center, or a line, or a 
plane of symmetry 
1. Ir trocluction 
lknote by p, (P) the number of i-gonal faces of the convex 3-polytope 
P su :h that the graph formed by its vertices and edges is regular of de- 
gree 4. (Clearly i 2 3.) From Euler’s formula it follows that 
c (f&k)&(P) = 8 . 
k13 
In a.ralogy to Eberhard’s Theorem dealing with 3-valent 3-pol!7tcpes, 
Grii lbaum [3, p. 2541 proved the following: Given a sequence of iion- 
neg:.tive integers p = (p3, p4, . ..) satislying the condition 
c. (4-k)& = 8, 
k>3 
the1 e exists 3 4-valent 3-polytope P for which p,(P) = pi for all i f 4 
hole Is. (Such a sequence !I is called b-realizable in the sequel. The polytope 
P iI elf is a realization of p.) 
111 Section 2 of the present note, the problem of 4-realizability of se- 
que Ices is solved for polytopes with non-trivial involtitory automorphisms, 
i.e. symmetric about a center, or a line, or a plane of symmetry. The re- 
sulls are an improvement of [6, ThsPr5 *n 11 ; the proofs, however, differ 
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essentially. In Section 3 the following generalization of the results of 
Section 2 is mentioned: Sufficient condj.Aons for sequences to be 4- 
realizable by polytopes admiting any dihedral group, or the octahedral, 
or the kosahedral group of s;lmnfetries are stated. 
2. Theorem 
Theomm~ IVecessary arzd st/fficieM conditliorzs for a sequence p = (p3, 
psl, . ..) tg be 4-realizable b;ry a polytope havirlg (i) a plane, or (ii) a line, 
6) 
(*ic) c (4.-k)pk := 8; 
k>3 
(ii) (a) corzdirion (*), 
(btpi and pi are odd for at .most two values i # j; if pk is odd, 
thejt 1~ is cveit; 
Proof. Tlae necessitv of the condi fions being obvious, we shall be con- . 
cerned with proving their sufficiency in all the three cases. This wi!l be 
done by construction. In fact, we shall ml: construct polytopes but 
planar maps with pr i-gona] faces (countries) for all i # 4 with 4-valent 
graphs having the properties mentioned in the following assertions: 
If G is a planar 3-connected graph with non-trivial involutory auto- 
morphkm 9 
(a) which re verses the orientatlon of the faces and fixes at least one 
edge or vertex or 
(b) which preserve? the orientation of the faces, or 
(c) such that f or eat:1 vertex u of G, the vertices u and g(u) are seg- 
arated by a circuit of G, 
then G is the graph of ;i polytope having 
(a) ;1 plane (141, cf. (l]), or 
(b) a iinc [ 11, or 
(c) a center of symmetry [4]. 
ln all cases apq iearing in the proof will Ibe employed a procedure n for 
increasing the number of vertices (and edj;es) of a face constructed which 





is self-reproducing in the following sense: After performing this procedure, 
the number of vertices of the face E in question has increased by one, 
and a map M has been obtained upon which it is again possible tc pr;r- 
form the procedure n with E. What is more, in M there is a submap (in 
fact there are more such submaps) which permits us to create another 
face with >_ 5 edges in it by procedure n, etc. 
Let P, be a 4-valent vertex 
(a) incident with a k-gon E ant! three triangles (Fig. 1 (b) solid lines), 
or 
(b) incident with a k-goal E and belonging to the face-aggregate in 
Fig. 1 (a) (solid lines). 
To increase the number of edges of E by one, draw in case (a) a circuit 
z1 of length four around the vertex P, , in case (b) a circuit cl of length 
6 around the vertex P, , and the quadrangle and the three triangles 
(dashed lines in Fig. l(a), (b)). Denote by A 1, B, the common points 
of the circuit cl and the boundary of E. If no further increase of the 
number of edges of E is needed but another face with 2 5 edges is rc- 
quired, use the vertex P, and the triangle A 1 P, B, instead of E for 
increasing the number of edges of the face A l P, B l . If the number of 
edges of the face E should be increased, take a poinr Pz on the. edge 
A ,B, and draw a circuit l~2 containing P, s~nalogously as cl was con- 
structed (dot-and-dash lines in Fig. I (a), (b)). To further increase the 
number of vertices of E, draw a circuit c3 meeting the edges B, &, Br P, 
and A lP,, A ,A ) (dotted lines in Figs. 1 (a), (b)), etc. So the required I 
number of vertices of the face E can be attained. To inwrt in the ob- 
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Fig. 2. 
tained map another k-gon, k 2 5, use the vertex P, and the quadrangle 
P,A 2 P, B2 instead of the preceding face E as above. In this way, any re- 
quired face having 2 5 vertices can be obtained. 
Now let us realize the sequence p in all the three cases. 
CaTe I. Put two pyramids on the opposite faces of a cube and dissect 
the faces of one of them as drawn in Fig. 2(b) by solid lines (provided 
Of course Xi> j Pi > 0). If only pentagons are required, i.e., if Xi> 5 pi = 
11~ > 2 repeat he preceding dissection of faces (dashed lines in Fig. Z(b)) - 
u&l a;; desired pentagons are obtained. If Zi> 6 pi > Of, procedure n 
with the vertex P and the pentagon incident to it can be applied to ob- 
tain the required faces. A map M with p3 CM) = p3 satisfying the above 
statement by Griinbaum is obtained. 
. &se 2. For symmetry on a line, three cases must be distinguished: 
(i) For all i, pi is even. Supposing that /Yi # 0 for some i 4> 5, OJI 
two opposite faces of a cube draw the graF;h of Fig. 2\(a). ‘The procedure 
x can be applied pairwise to these two graphs to obtain the required 
faces. 
(ii) fj, is odd for one even i 2 6. On two opposite faces of a cube, {draw 
the graph of Fig. 2(b). The vertex P and its opposite point are used to 
increase the number of vertices of the face of the cube they are both in- 
cident with, and for creating pairs of required k-gons, k 2 5. by the ?r- 
procedure. 
(iii) For two even numbers i # j, pi, pi are odd. On two op_,osite 
faces of a cube, draw the graph of Fig. 2(c);. The vertex P and its op- 
posite point, or the point E’ and its opposite point, are used for creat- 
ing an i-gon or a j-gon, :respes tively , and then for forming pairs of re- 
quired k-gons, k 2 -5. 
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Clearly, in all the cases the construe ion can be performed so as to 
obtain a graph satisfying arnette’s Theorem mentioned above. This 
concludes the proof of Case 2. 
Case 3. On two opposite faces of a cube, draw the graph of Fig. 2(b) 
so that these graphs are symmetrical about the center of the cube. The 
creation of the required k-zonal faces, k 2 5, followc by a pairwise ap- 
plication of the procedure n. graph satisfying Gri:nbaum’s Theorem 
is obtained. 
In Case 2 as well as i:q Case 3 the situation can occur that prockzdure 
r need not to be applied but “many” pentagons are required. Then we 
proceed as described in Cast 1. 
3. Remarks 
(1) Mani [ 51 has generalized Rarnette’s [ I] and Grtinbaum’s [ 41 
results to the form: If a 3-polytopal graph G (i.e., planar and 3-connect- 
ed) admits a certain group F of automorphisms, then there exists ;r 3- 
polytope P whose l-skeleton is G and whose symmetry group is iso- 
morphic with IY This important assertion reminds us of the necessity 
to characterize sequences which are 4-realrzable by 3-polytopes having 
certain groups of symmetries. The construction (procedure: 7r) described 
above, and its small modifications, performed on the prisms, the regular 
octklhedron and the icosidodecahedron, are employed in the proof of the 
following statement: 
Every sequence (P3,Ps, . ..) satisfying the condition 
c (4-k)Pk = 8 
kL3 
and the conditions 
(a) P2m 3 2 (mod m), Pi = 0 (mod 2~2) for all i > 4, i 7c1 2m, or 
(b? Pj zz 8(mod 24) for at most one j > 3, j SZ- 0(mod 3) and Pi E 0 
(mod 24) for all i > 4, t # j, or 
w p5 s 12(mod 120),&- O(mod 120) for Al i > 5, 
is 4-realizable by a 3-po:ytope having 
(a) the dihedral group Cm , or 
(b) the octahedral group, OT 
(c) the icosahedral grou of sym*netries, 
respectively (cf. [ 31). 
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(2) The author is indebted to Professor B. GAinbaum for cal.Iing his 
attention to the following fact: All steps of our procedure ?r as per- 
P anieci in the proof of the Theorem are realizable in a purely georrleixi- 
cal manner so that there is no need to use characterisations of 3=poly- 
topal graphs. 
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